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PLANE PROBLEM OF CONVECTIVE HEAT TRANSFER
IN A NONLINEAR MEDIUM *

L. K. MARTINSON

A problem of convective heat transfer in a perfect fluid flowing past a heated body
is solved in the thermal boundary layer approximation, for the case when the depend-
ence of the heat conductivity coefficient of the fluid on temperature obeys a power
law. The existence is shown of a steady state surface at some distance from the
body, the surface separating the perturbed region from the unperturbed region into
which thermal perturbations generated by the heated body do not penetrate.

Let us ¢onsider a hot cylindrical body the cross section S of which is bounded, in the
zy -plane, by the contour 9. Let this body be placed in a homogeneous flow of a perfect
incompressible fluid moving in the direction of the z-axis. The body in the flow generates
a perturbation and upsets its homogeneity. We shall assume that the flow past the body is
potential, and denote by ¢ (z, ») and (7, ¥ the velocity potential and the stream function of
this flow, both of dimension of length. Remembering that these functicons can be determined for
a specified contour 2 using the methods of the functions of complex variable /1/, we shall
assume the functions ¢ and ¥ both known and express the components of the fluid velocity in
terms of ¢ and 4 by og o ag a

o P s Py — Py T= C e —
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In the general case we assume that ¢ is equal to zero on the contour 4Q and the velocity
potential ¢ on 4Q is known and varies from zero at the stagnation point, to some value L at
the point of convergence of the flow.

In solving the problem of convective heat transfer in a moving fluid, we shall assume
that the temperature of the incoming flow is zerc, and the temperature at the cylinder surface
is a known function wu=jf{P), P =dQ  We require to find the temperature field within the fluid.

The solution of the present problem was considered in /2/ within the framework of the
linear theory of heat conduction. In the present paper we study the heat transfer in a non-
linear medium under the conditions when the heat conductivity coefficient k of the fluid var-
ies with temperature according to the power law

o= kg (u ) ug)0, ko, 020 (2)

where u, denotes the characteristic temperature of the surface of the body in the flow. In
this case, the problem of determining the steady state temperature field in a moving fluid,
reduces to that of solving a nonlinear boundary value problem in the region@ =R\ §.The prob-

lem has the form /3/ div (uv) = kg (pe)=! div {(u/ we)® grad uj

u=f(P), P=oQ, u-0 224+ (3)

where p is density and ¢ is the specific heat capacity of the fluid.

As was shown in /4,5/, the velocity of propagation of the thermal perturbations in the
nonlinear medium in guestion is finite, and the rate of motion of the thermal wave front de-
creases with increasing distance from the body. Since the rate of propagation of the thermal
wave front through a moving nonlinear medium decreases in the
directions opposite to the motion of the medium /6/, we can
expect that the thermal wave will penetrate the moving medium
in these directions only to a finite depth, In the steady
state problem (3) this will lead to the appearance of a stat-
ionary surface of perturbation I { a line in the zy -plane}
near the hot body. The surface separates the region penetrat-
ed by the thermal perturbations emitted by the body, in which

»>>0, from the unperturbed region in which u=20 (see Fig.l
in which the perturbed region is shaded) .
This effect appearing in the heat conduction problem for
a nonlinear moving medium is analogous to the effect of form-
ation of a stationary surface of perturbation when a compres-
sible gas flows past a body at a supersonic speed, or to the
Fig, 1 effect of formation of such a surface when a charged particle
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moves at a speed exceeding the rate of propagation of electromagnetic disturbances in the med-
ium (in both cases it is essential that the rate of propagation of the perturbations is a
significant factor).

Let us perform the Boussinesq transformation (z,y) — (9,). Then, introducing the dimens-
ionless quantities w' =u/u, ¢ =¢/L, ¢ =¢/L (in what follows we shall omit the primes accom-
panying the dimensionless quantities), we can pass from problem (3) to the nonlinear problem

i "ol
[ ) e )] e
u=FE(Q), $=04£0, 0<e<, u—0, @+ +foo

We solve the problem (4) in the thermal boundary layer approximation, assuming that the con-
dition Pe>»1 where Pe is the Peclet number, holds. The problem (4) is now reduced to the
following problem for the function u(¢,¥) in the region R.?= {(g,}):¢ > 0,9 >0}

du 1 a 0‘7_“ (5)

‘o?=_r’?a—¢(" aw)

u=Ft(@), $v=0, ¢>0, u=0, ¢ =0, u-—0, Yo + oo

and to a similar problem in the region R_2= {(¢,¥): ¢ >0, ¢ <0}

From the physical point of view, problem (5) corresponds to a problem of a thermal bound-
ary layer near a semi-bounded hot plate placed in a homogenecus flow of a perfect incompress-
ible fluid moving in the direction parallel to theplate surface.Here the dependence of the heat
conductivity coefficient on temperature obeys a power law.

Results of /7/ imply that the solution of (5) with o0¢%0 for the case of a power relat-
ion F*(g) = 9%, can be written in the form of an asymptotic expansion

% )1/« . = ( P )i m (6)
G — T BIE b {1 ——m) - A
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i=0

The coefficients b, = b; (0,a) are coefficients of expansion of certain function

fE=Btt—3 N -

i=0

into a series near the point §&=1, the function satisfying a nonlinear differential
equation and the boundary conditions
df d df
af—mE’d—F:ijUTi_{[lgd—&] (7
fO =1, jf(1)=0
From (7) we obtain the recurrent relations from which we find the coefficients 5. 1In
particular, we have /7/
as—m 1+ 0.5 (632 -3 —3)
=1 =g =TI EG

In the special case a=0" all b =0 for i>1, and the exact solution of the problem can be
written in the simple analytic form

QYT =/ )T % <A o p il
u(q},lj}):{ov ( P> Ao (A= (sPe) 2
From the form of the solution (6) it follows that a stationary surface (line on the zy -
or ¢¢-planes) exists in a moving nonlinear medium (o> 0), separating the perturbed region
near the heated body where u >0, from the unperturbed region where u« =0, On the ¢y -plane
the eqution of this line has the form
Y= Ag™, m=1Y;(ac-+ 1) >0

We note that at the surface of perturbation which represents, in general, a surface of
weak discontinuity of the function u, the conditions of continuity of temperature and thermal
flux both hold.

Fig.2 depicts, for various values of the power index o corresponding to the different laws
governing the temperature change along the surface of the body, with the perturbation lines
depicting the quantitative form of the thermal boundary layer. We see that, for a given value
of a, the change in the nonlinearity parameter ¢ affects significantly the spatial structure
of the thermal boundary layer.

From the physical point of view, the presence of such a stationary surface of perturba-
tion means that the thermal boundary layer near the hot body is of finite thickness. This is
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Fig.2

due to the fact that the thermal perturbations propagate through a nonlinear medium with a finite
velocity and drift downstream with the moving medium, penentrating into it in the v direction
only to a finite distance.

The thickness of the thermal boundary layer decreases with increasing Peclet number. On
the other hand, when o -0 then A — 4o and the temperature in a fluid with constant heat
conductivity coefficient tends to zero only asymptotically at infinity. This is caused by the
fact that the thermal perturbations generated by the plate in such a linear medium, propagate
with infinite velocity and penetrate the moving medium infinitely far.

The temperature distribution (6) in the thermal boundary layer obtained above makes poss-
ible the estimation of the intensity of the convective heat transfer in the problem in guest-
ion. We shall restrict ourselves, for simplicity, to the case a =0 when the surface tempera-
ture of the body in the flow is constant and equal to u,.

The local thermal flux ¢ at the plate surface can be found in the case of a = 0from the

expression -
kg ( d/) koliy ( 1
e 5 = ———————— b.{i ¢
7 IAVe V@)=~ IaBY§ ZH i\ ) (8)

Integrating the heat transfer along the line L on the upper surface of the plate and tak-
ing (8) into account, we obtain the following expression for the integral Nusselt number:

0 2\ . ( 1 /3BT Y
Nu () = Jogr = B, bi(L A}-?)=Nu(0)l/ s Zbi(l I i3) (9)
1=0 =0

Here Nu (0) = 2/ Pe/a is the Nusselt number for the case of a fluid with constant heat conductiv-
ity coefficient flowing past a plate.

For o¢=1, the coefficients b have the following values /8/: b,=1, b = —0.25 b, = 0.014,
by = 0.0069, b, = —0.0064. Therefore, from (9) we find that Nu(1)/Nu(©) = 0.77. Similar computation
for o= 4 yields. Nu(4)/ Nu(0) = 0.56.

We note that the solution of the problem (5) of the thermal boundary layer, which repres-
ented the principal term of the asymptotics of problem (4) with respect to the parameter Pe™!,
does not describe the temperature field near the stagnation point of the flow. This must be
found from the exact solution of (4). The solution may be obtained e.g. by numerical methods
described in /7/. Using the results of /6/, we can establish the dependence of the width of
the perturbation region near the stagnation point, on the parameters of the problem, with the
relationship given in the form @I ~ Lo-1Pe™l,

In conclusion we note that problem (5) also describes, in the diffusion boundary layer
approximation, the process of mass transfer in a moving medium when the diffusion coefficient
is a power function of the concentration.
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